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The solution of Eq. (7) is given by

Z = [-a =fc (a2 - /3)1/2]r2 (8)

It can be shown that a2 > ft. Therefore, Z is a real quan-
tity.

To facilitate the ensuing discussion of stability, Eq. (6) is
recast in the following form:

In order for the error not to grow with increasing time, |{|
must be less than or equal to one. This condition requires
that

|1 + (Z/2)\ < 1 (10)

Equations (8) and (10) may be combined to yield

-4 < [- a =b (a2 - 0)1/2] r2 < 0 (11)

Since the right-hand inequality is always satisfied for all
values of r, one needs consider only the left-hand inequality.
Furthermore, one needs consider only the conservative case,
namely:

[a + (a2 - /3)112] r2 < 4

which in turr yields

A* < 2 A x / [ a + (a2 - /3)1/2]1/2 (12)

In order to assure a stable numerical calculation, it is useful
to determine an upper bound for r, or the largest time incre-
ment permissible for a selected space mesh size. This is
accomplished by substituting the maximum possible value of
a in Eq. (12). The following equation is obtained as a
result:

<
(4(o/6) + (c/2b)(Ax)2 + {[4 (a/6) + (13)

If the value of /3 in Eq. (12) is taken to be zero, the following
simple result is obtained:

<
[2(a/6)

In terms of the plate properties Eq. (14) becomes

2 + (1/12) (1 - v) + (3/2)(A*/A)»

(14)

Ax (15)

When a combination of time increment and space mesh sizes
satisfies Eqs. (13) or (15), the calculation of the transient
response of a moderately thick plate will be stable. How-
ever, Eq. (15) constitutes a more stringent condition than
Eq. (13). It may be used for a rough estimate. When the
amount of computing time becomes of primary concern,
Eq. (13) should t>e used instead. For a constant space mesh
size, Eqs. (13) and (15) indicate that when the plate thickness
becomes smaller, the allowable time increment also becomes
smaller. Although the classical plate theory can be deduced
from the improved plate theory in an analytical way, Eqs.
(13) and (15) impose a limitation on the applicability of the
latter in the numerical solution of a thin plate under dynamic
loads. This is due to the fact that for a relatively thin plate
the time increment (for a constant space mesh size) must be
kept sufficiently small to avoid any numerical instability.
Therefore, as a result, a larger amount of computing time is
required. It should be commented here that Eqs. (13) and
(15) may also l}e used as the stability criterion for the calcula-
tion of transient response of moderately thick shells to
dynamic loads. The reason for this possible extension has
been given in Ref. 3.

Reduction to the Thin Plate Case
The stability condition for the finite-difference equation

for a thin plate cannot be directly deduced from that for a
moderately thick plate, i.e., Eqs. (13) and (15). This is
because the latter has been derived by the consideration of
the branch of roots of Eq. (9) represented by the case where
the sign in front of (a2 — /3)1/2 in Eq. (11) is negative. This
branch contains the higher frequencies of vibration of the dis-
crete system which does not exist in the equation for a thin
plate. These frequencies become infinite as the plate thick-
ness approaches zero. To obtain the stability condition for
a thin plate, one can examine the second branch of the roots
which is given by the case where the sign in front of (a2 —
j8)y.2 in Eq. (11) is positive. After making use of the fact
that j8/a2 « 1 for a thin plate and by using the same reason-
ing in obtaining Eq. (13), it can be shown that

Equation (16) is the same as Eq. (10) jn Leech's paper.1 In
contrast to Eqs. (13) and (15), Eq. (16) indicates that for a
constant space mesh size, the allowable time increment be-
cpmes larger as the plate thickness becomes smaller.

Effect of Transverse Shear or Rotary Inertia
It is interesting to note that when either the effect of trans-

verse shear or rotatory inertia is included, the sufficient sta-
bility condition is identical to that for the thin plate. This
result can be derived in a similar manner. The actual der-
ivation will not be given here in the interest of brevity.
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Prk = Prandtl number for turbulent kinetic energy
Prt = turbulent Prandtl number for mean flow energy
r = radial coordinate
Set = turbulent Schmidt number for jet species
u = axial component of mean velocity
u' = axial component of turbulent velocity fluctuation
v = lateral component of mean velocity
v' = lateral component of turbulent velocity fluctuation
w' — tangential component of turbulent velocity fluctuation
x = axial coordinate

reactions)

Subscripts
= density
= center line value
= value at jet exit
= value in surrounding stream

} = indicates time average

Introduction

THE turbulent kinetic energy method for the analysis of
free turbulent mixing rests on a fairly general empirical

relationship that exists between the turbulent shear stress
and the turbulent kinetic energy in a variety of turbulent
flows.1 With this relationship, the turbulent shear stress
can be treated as an additional dependent variable to be ob-
tained by a simultaneous solution of the turbulent kinetic
energy equation with the other governing equations of the
flow. As is discussed in Ref. 2, the system of equations de-
scribing a flow may be made either parabolic or hyperbolic,
depending on the form chosen for the diffusion term in the
turbulent kinetic energy equation. The hyperbolic system
was used by Bradshaw et al.3 for the solution of the wall
boundary-layer problem, and it has recently been extended
to inhomogeneous free mixing flows by Laster.4 Lee and
Harsha2 have demonstrated the application of the parabolic
form of the turbulent kinetic energy equation to some simple
free mixing flows. This Note describes the extension of the
method of Ref. 2 to more complex free mixing flows, includ-
ing mass and energy transfer.

Analysis

The governing equations for coaxial free mixing can be
written in parabolic form if the turbulent fluxes are repre-
sented by eddy diffusivities. In addition to the continuity,
momentum, and kinetic energy equations, written as Eqs.
(7, 8, and 11) of Ref. 2, respectively, solution of a problem
including simultaneous momentum, mass, and energy transfer
requires the solution of the following two equations:

p« K-- +
(Prfrk-

(**\-.
\*r)~'

'-!>(£\dr

and concentration (for a two-component mixture with no
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The form of the governing equations is that given by Patankar
and Spalding.5 The variable e appearing in these equations
is defined by the expression pe = T/(du/dr) where the
turbulent shear stress T is obtained from the turbulent kinetic
energy equation through the use of an empirical relation1'2

T = ciipk (3)

in which fc, the turbulent kinetic energy, is given by k =
^(u'2 + v'2 + w'2). The parameter e, which corresponds to
the kinematic eddy viscosity, is not itself modeled in this
method, but is only evaluated as an intermediate step in the
calculation. Its introduction is necessary to retain the para-
bolic character of the system of equations.2 The dissipation
term in the kinetic energy equation is taken to be the same
as that used in Ref. 2, with the length scale I taken to be the
mixing layer width in the first (potential core) regime and
twice the half-velocity radius 7v2 in the second regime (down-
stream of the potential core). Here, fi/2 is the radius at
which u = u0 + %(ue — u0). Finally, the radial variation
of the parameter a\ is taken to be the same as that used for
the axisymmetric flow in Ref. 2; that is,

(4)

(5)

from the center line to the radius at which d^/dr :

and

01

Fig. 1 Comparison of kinetic energy method with Prandtl
eddy viscosity calculation for constant-density coaxial

mixing.

for the remainder of the profile. Although crude, Eqs. (4)
and (5) can be shown to closely approximate the experimental
behavior of the ratio r/pk, at least in the fully-developed re-
gion of jets and wakes. The numerical technique used is a
modification of that developed by Patankar,5 as described in
Ref. 2. In all calculations, the dissipation constant 0,% — 1.5
and Prk = 0.7.

Results

Constant-density air-air mixing

The first application is to constant density coaxial mixing,
represented by the data of Forstall6 for UQ/UJ = 0.25. In
this experiment a helium tracer was used to investigate
mass transfer. The presence of this tracer gas was neglected
in the calculation reported here. Thus, for this application,
only the continuity, momentum, and turbulent kinetic
energy equations were used. The calculations were begun
at x = 0 using the initial shear layer thicknesses presented
by Forstall in his thesis6 with an assumed y power law ve-
locity profile. The initial turbulent shear stress profile
needed for the kinetic energy calculation was generated using
the Prandtl eddy viscosity model.7 The center line velocity
decay results of this calculation are shown in Fig. 1, along
with a calculation made using the same numerical technique
but with the Prandtl model used to evaluate the turbulent
shear stress throughout the flow. In the latter case the
constant used in the Prandtl model was taken to be 0.007 in
the first regime and 0.011 in the second, as recommended by
Peters.8 As can be seen from Fig. 1, the results of the kinetic
energy calculation compare quite favorably with those ob-
tained with the Prandtl model in predicting the length of the
near field; clearly the kinetic energy method is superior in
the far field.

Variable-density air-air mixing
The coaxial mixing data of Paulk9'10 includes flows with

small temperature differences (approximately 10%) between
the streams. Two of these flows were selected for com-
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Fig. 2 Comparison of centerline decay predictions of
kinetic energy method with experimental data, variable-

density coaxial mixing.

parisons with the predictions of the turbulent kinetic energy
method. For these calculations the mean energy equation
was included, with the turbulent Prandtl number taken to
be 0.60 consistent with the data of Ref. 9. The constants
used in the kinetic energy analysis were the same as used
for the constant-density data of Forstall. Because the ex-
perimental data do not include detailed initial profiles, these
calculations were begun downstream of the origin at the
first axial position for which reliable shear stress profiles
(obtained using the integrated form of the axial momentum
equation10) were available. Results comparing the calcu-
lated axial decay of center line velocity ratio and enthalpy
ratio with the experimental data for these quantities are
shown in Fig. 2. The agreement can be seen to be very good.

Coaxial hydrogen-air mixing
For the nonreactive hydrogen-air system, the energy and

species concentration equations are both used. The data
of Chriss10-11 were chosen for comparison, as these include
shear stress profiles. For these data, the turbulent Prandtl
number was experimentally found to be 0.8510 as was the
turbulent Schmidt number. These values were used in the
calculations, which again used the same values of the con-
stants in the kinetic energy equation. Calculations of two
of the cases reported by Chriss are shown here; the results
are typical of the results obtained with this method for the
remainder of these data. Both calculations were begun
downstream of the potential core at the first axial station for
which there was reliable turbulent shear stress data, which
Chriss obtained in the same manner as Paulk. Calculated
axial decays of center line velocity ratio and composition are
shown on Fig. 3 along with the experimental data for these
quantities. Once again the agreement is quite good. Of
particular interest is the fidelity with which the kinetic
energy method reproduces the slope of the velocity and
composition decay curves.

Conclusions
The calculations described in this note demonstrate the

remarkable accuracy of the kinetic energy method when
applied to a wide range of different coaxial mixing flows,
using the same set of constants in the kinetic energy equation
for all calculations. This accuracy is obtained at the cost of
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Fig. 3 Comparison of centerline decay predictions of
kinetic energy method with experimental data, coaxial

hydrogen-air mixing.

an increased complexity of initial conditions in that the turbu-
lent shear stress (or turbulent kinetic energy) profile must
be known to start the calculation. However, if the history
of the turbulence does play an important role in the de-
velopment of a turbulent flowfield, then clearly a description
of the initial profile of the turbulent shear stress is necessary
for the proper computation of it. The calculations shown
here have demonstrated that given a knowledge of these
initial conditions, the turbulent kinetic energy method can
produce excellent results in a variety of flowfields. The
calculation of the constant-density data of Forstall has
shown that if the initial shear stress level is correctly de-
scribed, excellent results can be obtained with the kinetic
energy method using initial turbulent shear stress profiles
obtained with a locally-dependent eddy viscosity model.
However, experience has shown that this method cannot be
recommended in general. There is a clear need for further
research into methods of specifying initial turbulent shear
stress profiles for use with the turbulent kinetic energy
equation.
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Introduction

THE purpose of this Note is to explore the initial value
formulation for nonlinear static structural mechanics

problems. It is assumed that the nonlinearities are due to
small plastic strains and/or large deflections.

Probably the most widely used methods for nonlinear
structural analysis by the finite element approach are the
incremental procedure of Turner, Dill, Martin and Melosh1

for large deflections and the tangent stiffness method of
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Pope2 for plastic strains. In either case, the incremental
procedure requires that new stiffness matrices be computed
and "inverted" at each load increment and, consequently,
requires the expenditure of large amounts of computer time.
Until recently, however, the incremental and Newton-
Raphson approaches were the only methods capable of solving
for highly nonlinear behavior. In this Note, an alternative
approach, a self-correcting initial value formulation, is pre-
sented which may be used to solve for highly nonlinear be-
havior. The method is demonstrated by solving for the
geometrically nonlinear behavior of a single degree-of-free-
dom system and for the deflection of a spherical cap under
a point load at the apex.

Initial Value Formulation
The analysis of nonlinear problems by either the finite

element method or the finite difference method gives rise
to the set of equations:

[K]{q\ = P{P] + {Q} (D

where [K] = linear stiffness matrix, {q} = generalized dis-
placements, P{P] = generalized forces due to applied ex-
ternal loads, P = convenient normalizing factor, {Q} =
pseudo generalized forces due to nonlinearities and dependent
on the displacements.

Taking the derivative of Eq. (1) with respect to the scalar
P yields

= IP] + \Ql (2)

where a dot indicates differentiation with respect to P.
Equation (2) is one form which has been solved. By using

chain rule differentiation on Q, another form of Eq. (2) is
obtained.

{Q} = [K*]{q] (3)
where the elements of K* are given by

*«* = dft/dftF
Substituting Eq. (3) into Eq. (2) yields the equation

([K] + [K*]){q} = {P} (4)

The solution of Eqs. (2) and (4) which tends to drift away
from the correct solution may be corrected by adding, to
either Eq. (2) or (4), the unbalance of force/ given by

P{P} + {Q} (5)

Multiplying Eq. (5) by an arbitrary factor Z and adding the
result to the righthanc} side of Eqs. (2) and (4) yields :

Z({Q} +

+ ZP){P}([K]

= (l+ZP){P\

[K*]){q} + Z[K]{q} = (

(6)

Z{Q} (7)

Equations (6) and (7) are self-correcting first-order differen-
tial equations and to the author's knowledge have not been
presented previously. If Z = 1.0 and an Euler forward

Table 1 Single degree-of-freedom studies"

Case

1
2
3
4
5
6
7
8

Z(P)i"
224
112
56
56

632
316

1789
894

AP

0.2
0.2
0.2
0.2
0.1
0.1
0.05
0.05

Maximum
load,

Ib

79
264
870

>1160
142

>600
>300
>300

Comment

Numerically unstable
Numerically unstable
Numerically unstable
Stable
Numerically unstable
Stable
Stable
Stable

1 C = Z°-2/2 except for Case 4 where C = 0.2 (AP)Z.


